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Abstract
A theoretical model of double percolation in hybrid polymer nanocomposites reinforced with car-
bon nanotubes (CNTs) and aramid nanofibers (ANFs) is proposed. The model is based on the
excluded-volume concept and a mean-field description of network connectivity. An analytical
expression describing the effective connectivity of the hybrid system was derived by considering
CNT–CNT, ANF–ANF, and CNT–ANF interactions. The proposed approach demonstrates that
the formation of a continuous transport network is governed not only by the individual percola-
tion behavior of each filler type, but also by hybrid interactions between dissimilar nanostructures.
The model predicts that ANFs can promote network formation at reduced CNT concentrations
through the development of hybrid CNT–ANF contacts. Theoretical concentration maps, scaling
dependences, and parametric analyses were constructed to investigate the influence of filler com-
position and hybrid interaction probability on network connectivity. The obtained results provide
a theoretical framework for describing double-percolation phenomena and transport network for-
mation in hybrid polymer nanocomposites.

1. Introduction

Polymer nanocomposites containing high-aspect-ratio nanofillers have attracted considerable attention
over the past two decades because of their ability to significantly enhance the mechanical, electrical, and
thermophysical properties of polymer matrices at relatively low filler loadings [1]. Among the wide range
of nanomaterials, carbon nanotubes (CNTs) have attracted particular attention due to their extremely
high mechanical, electrical, and thermophysical properties [2].

In modern research, hybrid nanocomposites containing two or more types of fillers are of increas-
ing interest [3, 4]. The use of combinations of particles of different geometries or dimensions (e.g. 0D–
1D, 1D–2D or 1D–fibrous structures) allows the formation of more complex conductive networks in the
polymer matrix and often leads to the so-called synergistic effect, when the effective properties of the
composite exceed the values expected for systems with a single filler. Similar effects have been reported,
for example, for composites with hybrid systems of graphene nanoplatelets and carbon nanofibers, where
the interaction of fillers of different morphologies contributes to the formation of a more effective con-
ductive network and a decrease in the percolation threshold [5–7].

Despite significant progress in the development of hybrid polymer nanocomposites, the theoretical
description of such hybrid systems remains insufficiently developed. Most classical models of thermal
or electrical conductivity of composites, including the Lewis–Nielsen, Maxwell–Garnett, Agari, Nan or
Lichtenecker models, were developed for systems with a single type of filler and do not take into account
the possibility of simultaneous formation of multiple interacting percolation networks [8, 9]. These
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approaches primarily predict the effective transport properties of composites with an already established
microstructure rather than describing the evolution of conductive network formation during material
design.

In hybrid systems, more complex structural phenomena may occur. In particular, each type of
nanofiller is able to form its own percolation network, while the interaction between fillers can lead to
the formation of additional bridges between individual clusters [10, 11]. As a consequence, an interpen-
etrating or dual percolation network can be formed, in which the macroscopic properties of the com-
posite are determined not only by the concentrations of individual components, but also by their mutual
ratio and the topology of the formed network. Such cooperative interactions cannot be adequately rep-
resented by models that treat different fillers independently or account for their interaction only through
empirical correction factors [12,13].

Particularly promising are systems combining CNTs and aramid nanofibers (ANFs) [14,15]. ANFs
are characterized by high mechanical strength, a significant specific surface area, and the ability to form
three-dimensional fibrous networks in a polymer matrix [16], while CNTs can provide efficient electron
or phonon transport channels [17]. Experimental studies show that the combination of these compo-
nents can lead to the formation of lightweight, mechanically strong, and electrically conductive struc-
tures with a wide range of applications, in particular in functional films or aerogels [18].

Although numerous analytical, effective-medium, and semi-empirical models have been proposed for
predicting the effective thermal conductivity of composite materials, very few of them explicitly describe
the formation of hybrid percolation networks arising from interactions between different high-aspect-
ratio nanofillers [19, 20]. Consequently, the evolution of network connectivity itself remains largely out-
side the scope of existing transport models. As a result, the problem of predicting the optimal ratio of
fillers for the formation of an effective conductive network remains open.

Although the proposed connectivity framework is not restricted to a particular transport prop-
erty, thermal conductivity was selected as an illustrative example because the development of ther-
mally conductive hybrid polymer nanocomposites has attracted increasing attention in recent
years [21].

In this regard, it is relevant to develop a physically based analytical model that would take into
account the simultaneous formation of two interacting percolation networks and allow predicting the
macroscopic properties of polymer nanocomposites depending on the concentrations of both types of
fillers. In this work, a double percolation model is proposed for hybrid polymer–CNT–ANF systems,
which allows describing the formation of an interconnected transport network and constructing the-
oretical property maps in the space of nanofiller concentrations. The present work addresses this gap
by introducing a connectivity-based analytical framework that explicitly accounts for CNT–CNT, ANF–
ANF, and CNT–ANF interactions within a unified mean-field description. Thermal conductivity is subse-
quently employed only as a representative transport property to demonstrate the predictive capability of
the proposed connectivity model.

2. Theoretical part

2.1. Theoretical model of the formation of a double percolation network in polymer nanocomposites
with two rod-shaped fillers
Consider a polymer nanocomposite consisting of a thermoplastic polymer matrix and two types of
anisotropic rod-shaped fillers. Both types of particles have a high aspect ratio and are able to form spa-
tial contact networks in the volume of the polymer matrix. In such a system, at a sufficient concentra-
tion of each of the fillers, a percolation network arises, which ensures the emergence of new macroscopic
properties of the material—electrical conductivity, increased thermal conductivity or a sharp increase in
the elastic modulus.

A feature of systems with two types of anisotropic fillers is the possibility of forming not only two
independent networks (filler 1–filler 1 and filler 2–filler 2), but also hybrid contacts between different
types of particles. It is these contacts that can significantly change the percolation conditions and lead to
a synergistic effect, when the percolation threshold of the mixture turns out to be lower than for each
filler separately (figure 1).

To describe the formation of the network, we will use the approach of percolation theory, which is
widely used for systems of randomly oriented rod-like particles. According to this theory, percolation
occurs when the average number of contacts per particle exceeds a certain critical value. Let the system
contain two types of rods with lengths L1 and L2 and diameters D1 and D2. The particle number con-
centrations are denoted by n1 and n2.
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Figure 1. Schematic illustration of double percolation network formation in hybrid CNT/ANF nanocomposites with increasing
filler concentration.

The formation of a continuous transport network in such systems is associated with reaching a per-
colation threshold, which is determined by the statistics of contacts between particles. In the classical
approach based on the concept of excluded volume, first proposed by Onsager [22] and adapted to per-
colation problems by Balberg [23], the critical percolation condition is written as:

nVex ∼ const, (1)

where n is the number concentration of particles, and V ex is their excluded volume.
In multicomponent polymer systems, the formation of conductive networks is governed by several

mechanisms, including percolation of individual phases and percolation of fillers within these phases
[24]. These contributions can be considered as additive in terms of their influence on the overall con-
nectivity of the system, which motivates the introduction of separate terms corresponding to different
types of interparticle contacts. Therefore, for a two-component system, a natural generalization is to
consider three types of contacts: between particles of the same type and between particles of different
nature. Accordingly, the effective connectivity parameter of the system can be presented as the sum of
the contributions:

Ψ =Ψ 1+Ψ 2+Ψ 12, (2)

where Ψ 12 characterizes the contribution of contacts of type 1–2 (figure 1).
Within the present framework, the mean-field approximation assumes that network connectivity

is governed by statistically averaged interactions between fillers, while local structural fluctuations are
neglected. This approach enables the derivation of analytical expressions describing the macroscopic evo-
lution of hybrid network connectivity. The number of contacts between particles of different types can
be estimated using a mean-field approach, where it is assumed to be proportional to the product of their
number density and the excluded volume, which describes their geometric interaction. This assumption
is consistent with the classical excluded volume percolation theory, where the connectivity of the system
is determined by the product nVex. The contribution of contacts between different types of particles is
determined by their statistics and is proportional to the product of the number concentrations and the
excluded volume:

Ψ 12 ∼ n1n2V
12
ex . (3)

The number concentrations of rods are related to their volume fractions by the ratio:

ni =
φ i

υi
m,υi =

πD2i
4

Li,ni =
4φ i

πD2i Li
. (4)
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Using the excluded-volume expression derived by Onsager for cylinders [22, 25], the excluded volume
for two long rods of lengths L1 and L2 with diameters D1 and D2, averaged over the orientations, can be
written as:

V12ex =
π

2
L1L2 (D1+D2) . (5)

Substitution yields:

Ψ 12 ∼ φ 1φ 2
(D1+D2)

D21D
2
2

. (6)

Similarly, for contacts of the same type [23]:

V11ex =
π

2
L21D1, V22ex =

π

2
L22D2 (7)

Ψ 11 ∼ φ 1
L1
D1

, Ψ 22 ∼ φ 2
L2
D2

(8)

which is consistent with the known result φ c ∼ D
L for rod percolation [26].

Combining all the contributions, we obtain an expression for the effective parameter:

Ψ ∼ Aφ 1+Bφ 2+Γgeomφ 1φ 2, (9)

where the coefficients

A∼ L1
D1

, B∼ L2
D2

, (10)

characterize the individual ability of each filler to form a percolation network, and

Γgeom ∼ (D1+D2)

D21D
2
2

(11)

is a geometric coefficient that determines the probability of contacts between particles of different
nature.

The geometric contribution mentioned above describes only the probability of contact formation.
However, for real transport properties (electrical conductivity, thermal conductivity) it is important to
also consider the effectiveness of these contacts in forming continuous transport paths.

For this purpose, we introduce a dimensionless efficiency coefficient η, which may depend on the
aspect ratios of the fillers:

Γ = Γgeom · η, η = f

(
L1
D1

,
L2
D2

)
. (12)

Thus, the final expression takes the form:

Ψ ∼ Aφ 1+Bφ 2+Γφ 1φ 2. (13)

The quantity Ψ represents the effective connectivity density of the hybrid network, which includes con-
tributions from the three types of contacts.

The percolation transition occurs when the critical value Ψ =Ψ c is reached. In the concentration
plane (φ 1, φ 2) this condition determines the curve

φ 2 =
Ψ c −Aφ 1
B+Γφ 1

(14)

which separates the region of non-percolating structures and the region of continuous mesh formation.
Equation (14) defines the theoretical percolation boundary predicted by the present model and should
be interpreted as a model-derived connectivity criterion rather than a universal percolation threshold.

Of particular importance is the regime in which the concentrations of both fillers are below their
individual percolation thresholds, but the hybrid contacts ensure the formation of a continuous cluster.
In this regime, the term Γφ 1φ 2 dominates, and the percolation condition approaches

φ 1φ 2 ≈
Ψ c

Γ
. (15)
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This means that percolation is determined not by the individual concentrations of fillers, but by their
product, i.e. the density of hybrid contacts becomes the main factor in the formation of the network.

After the formation of an infinite cluster, the macroscopic properties of the composite obey the
power laws of the percolation theory [27]. In particular, for the property P we can write

P= P0(Ψ −Ψ c)
t
, (16)

where t is a critical parameter, the value of which depends on the nature of the physical property. In
three-dimensional systems, typical values are t ≈ 1.6–2 for electrical conductivity [28–30] and t ≈ 0.2–
0.86 for thermal conductivity [31].

In the mode of dominance of hybrid contacts, the scaling law takes the form

P∼ (φ 1φ 2)
t
, (17)

which can be used as an experimental criterion for the existence of double percolation. If the depen-
dence of the property on the product of the filler concentrations in logarithmic coordinates is described
by a straight line, this indicates the determining role of hybrid contacts in the formation of the net-
work. The proposed model allows describing both the structural parameters of the composite and its
macroscopic properties. In particular, it can be used to determine the effective contact density between
fillers, construct a percolation map in the concentration space, and estimate the optimal ratio of fillers
that provides the maximum synergistic effect. In addition, the parameters A, B, and Γ can be estimated
independently from the geometric characteristics of the particles (length and diameter), which makes the
model suitable for quantitative comparison with experimental data.

Thus, double percolation in systems with two types of rod-shaped nanofillers can be interpreted as
the result of the formation of interconnected networks of rod-shaped particles, where the statistics of
contacts between particles of different nature play a key role. The proposed approach allows us to move
from the description of individual networks to a generalized characterization of the composite structure
through a single parameter of effective connectivity Ψ, which determines both the conditions for the
occurrence of percolation and the scaling of the physical properties of the material.

Unlike conventional thermal-conductivity models, the present approach focuses on the evolution of
network connectivity rather than on heat-transfer mechanisms themselves.

2.2. Analytical form of the hybrid percolationmodel of thermal conductivity of a nanocomposite
Thermal conductivity is employed here as a representative transport property to demonstrate the appli-
cability of the proposed connectivity model. For a more complete description of the thermal conduc-
tivity of polymer composites containing two different types of nanofillers, it is advisable to formulate
an explicit analytical model that takes into account the possibility of the formation of a hybrid percola-
tion network. In systems containing CNTs and ANFs, heat transfer can occur not only through contacts
between particles of the same type, but also through contacts between different fillers [10]. As a result,
the effective connectivity of the thermally conductive network is determined by three types of contacts:
CNT–CNT, ANF–ANF, and CNT–ANF.

To describe such a system, an effective network connectivity parameter Ψ is introduced, which
depends on the concentrations of both fillers (13). In this equation, φ 1 is the volume fraction of CNTs,
φ 2 is the volume fraction of ANFs. The coefficients A and B characterize the efficiency of the formation
of heat-conducting networks by individual fillers and are related to their individual percolation thresh-
olds. The hybrid interaction coefficient Γ is introduced as an effective mean-field parameter describing
the average contribution of CNT–ANF contacts to the overall network connectivity. It is not intended to
represent the probability of individual contacts at the microscopic level but rather the collective effect
of hybrid interactions within the representative volume of the composite. The first two terms in this
equation correspond to the independent formation of percolation networks of each type of particle,
while the third term reflects the formation of bridges between these networks. The formation of a con-
tinuous heat conduction path in the composite occurs when the critical value of the connectivity param-
eter is reached, i.e. Ψ =Ψ c.

Although the proposed framework employs a single effective connectivity parameter, this parameter
represents the combined evolution of three connectivity mechanisms: CNT–CNT, ANF–ANF and CNT–
ANF interactions. Thus, the model describes the cooperative development of two interacting percolation
subnetworks rather than two independent percolation transitions.

This equation defines a curve in the concentration plane φ1–φ2 that separates the region without
percolation from the region where a continuous hybrid nanofiller network is formed. Below this limit,
the thermal conductivity is mainly determined by the polymer matrix, while above it, a rapid increase

5
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Table 1.Model parameters used for theoretical calculations.

Parameter A B Γ Ψc km k0 t

Value 100 80 103–105 0.2 0.2 W·m−1·K−1 2 W·m−1·K−1 0.5

in thermal conductivity occurs due to the formation of heat-conducting paths. After the formation of
the percolation network, the thermal conductivity of the composite can be described by the scaling law
characteristic of percolation-type systems [32, 33]:

k= km+ k0(Ψ −Ψ c)
t
, (18)

where km is the thermal conductivity of the polymer matrix, k0 is the scaling factor characterizing the
efficiency of the thermally conductive network, and t is the critical percolation index. In this case, the
classical power law of percolation is generalized by replacing the filler concentration with the effective
cohesion parameter Ψ. The present formulation isolates the effect of network connectivity on thermal
transport and does not explicitly account for other mechanisms such as interfacial thermal resistance,
phonon scattering, or filler intrinsic anisotropy. The obtained analytical expression makes it possible to
construct a continuous function of the thermal conductivity of the composite as a function of the con-
centrations of the two fillers:

k= k(φ 1, φ 2) . (19)

This dependence can be represented graphically as a three-dimensional surface in the parameter space
(φ 1, φ 2, k). Each point of this surface corresponds to the predicted value of thermal conductivity for
a certain combination of nanotube and nanofiber concentrations. In the region of low concentrations
of both fillers, the value of thermal conductivity remains close to the thermal conductivity of the poly-
mer matrix. As the percolation limit is approached, there is a sharp increase in thermal conductivity. In
the region of high concentrations of both fillers, the hybrid term Γφ 1φ 2 dominates, which leads to a
synergistic strengthening of the thermally conductive network. The present model assumes a statistically
homogeneous dispersion of fillers and therefore does not explicitly account for nanotube aggregation or
bundle formation.

For illustration of the proposed model, representative parameter values corresponding to typical
CNT/ANF hybrid systems were used. The selected values do not refer to a specific material system and
were chosen to demonstrate the qualitative behavior of the model.

The values of A and B were selected to represent high-aspect-ratio rod-like fillers with percolation
thresholds typical for CNT- and ANF-filled polymer systems reported in the literature. The chosen range
of Γ (103–105) was used to investigate the sensitivity of the model to the probability of hybrid contact
formation. The parameter Γ may be extracted from fitting experimental conductivity data or estimated
from microstructural characterization of the hybrid network. The values of Ψc, km and k0 were selected
as representative parameters allowing qualitative analysis of the double-percolation behavior rather than
fitting a specific experimental system. In the calculations presented below, η was assumed constant to
focus on the influence of filler concentrations and hybrid connectivity. So, the parameter values listed in
table 1 were selected to represent physically realistic CNT/ANF systems and to illustrate the behavior of
the proposed model. They should therefore be regarded as representative model parameters rather than a
fit to a specific experimental dataset.

The same connectivity framework may be extended to other transport phenomena, including electri-
cal conductivity, provided that the corresponding scaling relations are introduced.

3. Results and discussion

3.1. Formation of a hybrid percolation network
Within the framework of the approach described in section 2, an effective structural parameter Ψ is
introduced, which takes into account the contributions of individual fillers and their hybrid interaction.
The formation of a continuous network occurs when the value of this parameter exceeds the critical
value Ψc. Thus, the percolation condition simultaneously depends on the CNT and ANF concentrations
(figure 1).

The calculated percolation limit in the space of filler concentrations, calculated according to
equation (14), is presented in figure 2. This curve separates the region in which a continuous network

6
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Figure 2. The theoretically predicted double percolation boundary.

is formed and the region where the nanofillers remain structurally isolated and cannot provide effective
transport channels.

As shown in figure 2, with increasing concentration of one type of filler, the concentration of the
other required to achieve percolation decreases. This behavior suggests the presence of a hybrid perco-
lation mechanism. In this case, contacts between different types of nanostructures also contribute to the
formation of a continuous cluster. In other words, CNT–ANF connections can contribute to the forma-
tion of a transport network along with CNT–CNT or ANF–ANF contacts.

This effect is especially important for hybrid nanocomposites in which fillers perform different struc-
tural functions. CNTs can act as effective conductive bridges due to their large aspect ratio and high
intrinsic electrical conductivity, while ANFs are able to form a mechanically stable fibrous framework
that promotes the formation of contacts between nanotubes.

3.2. The effect of ANFs on the percolation threshold of carb CNTs on nanotubes
A more detailed analysis of the hybrid network formation can be obtained by considering the depen-
dence of thermal conductivity on CNT concentration at different fixed ANF concentrations. Such depen-
dences are shown in figure 3.

As shown in figure 3, an increase in CNT concentration leads to a monotonic increase in the pre-
dicted thermal conductivity for all investigated ANF contents. However, the shape and position of the
calculated curves strongly depend on the concentration of ANFs. At low ANF contents, the increase
in thermal conductivity occurs only after a relatively high CNT concentration is reached. In contrast,
increasing the ANF concentration results in a systematic upward shift of the entire conductivity curve
and promotes a more rapid development of the transport network.

A particularly important observation is that comparable values of thermal conductivity can be
achieved at significantly lower CNT concentrations when the ANF content is increased. For example,
thermal conductivity values exceeding approximately 2 W·m−1·K−1 are obtained only at relatively high
CNT contents in ANF-poor systems, whereas similar values are achieved at substantially lower CNT con-
centrations in composites containing larger amounts of ANFs. This behavior indicates that ANFs actively

7
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Figure 3. Theoretical dependence of thermal conductivity on CNT concentration at different ANF contents.

participate in the formation of the transport network and facilitate the establishment of long-range con-
nectivity between nanotube clusters.

Within the framework of the proposed model, this effect originates from the hybrid connectivity
term associated with CNT–ANF contacts. As the ANF concentration increases, the number of poten-
tial hybrid contacts grows, resulting in a larger contribution of the interaction term to the effective con-
nectivity parameter. Consequently, the probability of forming a continuous transport pathway increases
even when the concentration of CNTs remains relatively low. In physical terms, ANFs act as additional
structural elements that enhance network connectivity and reduce the amount of nanotubes required to
achieve a given level of transport performance.

The calculated dependences therefore suggest a reduction of the effective CNT percolation threshold
in the presence of ANFs. Although the model does not define the percolation threshold through a sharp
transition point, the progressive leftward displacement of the conductivity curves with increasing ANF
content clearly demonstrates that the onset of efficient transport occurs at lower CNT concentrations.
This behavior is consistent with the concept of double percolation, in which hybrid CNT–ANF contacts
contribute to the formation of an interconnected network alongside CNT–CNT and ANF–ANF interac-
tions. Therefore, the term double percolation is used here to emphasize the simultaneous evolution of
two coupled filler networks rather than the existence of two separate critical transitions.

Another notable feature of the calculated results is the nonlinear amplification of thermal conductiv-
ity at simultaneously high CNT and ANF concentrations. In this region, the spacing between neighbor-
ing curves increases, indicating that the influence of ANFs becomes progressively stronger as the CNT
content rises. Such behavior is a direct consequence of the multiplicative nature of the hybrid interaction
term and reflects the emergence of a synergistic effect associated with the formation of an interconnected
hybrid network.

Overall, the obtained results demonstrate that ANFs play a dual role in the hybrid system. Besides
contributing directly to network formation, they promote the connectivity of CNTs and effectively lower
the CNT concentration required for the development of a continuous transport structure. This finding
supports the central hypothesis of the proposed model describing double-percolation phenomena and

8
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Figure 4. Predicted thermal conductivity of the hybrid CNT/ANF system as a function of CNT concentration at a fixed ANF
content (φANF = 0.06) for different values of the effective hybrid interaction coefficient Γ. The calculations were performed
using the proposed model describing double-percolation phenomena.

highlights the importance of hybrid filler interactions in determining the transport properties of multi-
functional polymer nanocomposites.

3.3. Effect of the effective hybrid interaction coefficient on the predicted thermal conductivity
An important parameter of the proposed model is the coefficient Γ, which characterizes the contri-
bution of hybrid CNT–ANF contacts to the overall connectivity of the transport network. Physically,
this parameter reflects the probability of formation of effective interconnections between CNTs and
ANFs and therefore determines the intensity of the synergistic interaction between the two nanofillers.
Accordingly, variations of Γ should be interpreted as changes in the effective structural efficiency of
hybrid network formation rather than direct changes in microscopic contact probability.

To evaluate the influence of Γ on the predicted transport behavior, thermal conductivity was cal-
culated for a fixed ANF concentration of (φANF = 0.06) and different values of the hybrid interaction
coefficient ranging from 103 to 105 (figure 4). The obtained results demonstrate a pronounced sensitiv-
ity of the model to this parameter. At zero CNT concentration, all curves converge to the same thermal
conductivity value, indicating that the contribution of the hybrid term vanishes in the absence of one
of the interacting components. However, as the CNT concentration increases, the effect of Γ becomes
increasingly significant.

For example, at (φCNT = 0.002), the predicted thermal conductivity increases from approxi-
mately 2.01–3.55 when Γ increases from 103 to 105. At the highest investigated CNT concentration
(φCNT = 0.016), the corresponding values increase from 3.27 to 8.73. Thus, the difference between
the extreme cases exceeds a factor of 2.5, indicating that the probability of hybrid contact formation
becomes one of the dominant factors governing the transport properties of the system. The numerical
value of Γ is system-dependent and reflects the combined influence of filler geometry, spatial distribu-
tion, and interfacial interactions. Therefore, it should be regarded as an effective structural parameter
rather than a universal material constant.

9
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Another important observation is that the influence of Γ is nonlinear. At low CNT contents, all
calculated curves remain relatively close to each other, whereas at higher CNT concentrations the
separation between the curves progressively increases. This behavior originates from the multiplicative
form of the hybrid interaction term, which scales with the product of the concentrations of the two
fillers. Consequently, the number of CNT–ANF contacts increases not only due to a larger value of Γ,
but also due to the increasing availability of nanotubes participating in the formation of the hybrid
network.

From a physical viewpoint, increasing Γ corresponds to a greater probability that CNTs and ANFs
become incorporated into a common transport framework. Such a situation may arise when the spa-
tial distribution of fillers promotes interparticle interactions, when nanotubes are localized near the
nanofiber surface, or when the geometric characteristics of the fillers facilitate the formation of bridge
contacts. As a result, the connectivity of the hybrid network increases, leading to the emergence of more
efficient transport pathways throughout the system. Physically, Γ is expected to remain positive, since
increasing the efficiency of hybrid contacts can only enhance the overall network connectivity within the
assumptions of the present model. The magnitude of Γ is expected to depend on the morphology of
both fillers, including their aspect ratio, waviness, orientation, and spatial dispersion, since these factors
directly influence the probability of forming effective CNT–ANF bridge contacts.

These results indicate that the parameter Γ plays a crucial role in determining the magnitude of the
synergistic effect predicted by the model. In practical terms, it can be regarded as a generalized descrip-
tor of the structural efficiency of the hybrid network. Consequently, optimization of the CNT–ANF
interaction probability may be as important as increasing the filler concentration itself for achieving
enhanced transport properties in hybrid polymer nanocomposites.

3.4. Predicted evolution of hybrid network connectivity
An important consequence of the proposed framework for double-percolation network formation is
the emergence of a scaling relationship between the effective transport properties of the composite and
the concentration product of the two nanofillers. According to the developed theoretical framework,
the contribution of hybrid CNT–ANF contacts is determined by the interaction term proportional to
φCNTφANF. Therefore, analysis of the transport behavior as a function of this parameter provides insight
into the fundamental mechanisms governing the formation of the hybrid network.

The calculated dependence presented in figure 5 demonstrates a monotonic increase in the effective
transport property with increasing values of φCNTφANF. The obtained curve exhibits a smooth nonlinear
character and indicates that the connectivity of the hybrid network is strongly influenced by the simulta-
neous presence of both filler types. In contrast to conventional single-filler systems, where network for-
mation is controlled primarily by the concentration of one component, the present model predicts that
the transport performance is governed by the combined contribution of CNTs and ANFs.

An important feature of the calculated dependence is that the transport property increases contin-
uously with increasing φCNTφANF, demonstrating the growing contribution of hybrid contacts to the
overall connectivity of the system. Since the concentration product represents the probability of interac-
tion between CNTs and ANFs within the composite volume, larger values of φCNTφANF correspond to a
greater number of potential bridge connections linking individual filler clusters. As a result, the transport
network becomes progressively more interconnected, leading to enhanced transport efficiency through-
out the material. Although the scaling behavior originates from the analytical form of equation (17),
the obtained dependence illustrates the expected evolution of network connectivity in hybrid CNT/ANF
systems.

From a physical perspective, the observed scaling behavior supports the central assumption of the
proposed model that CNT–ANF contacts constitute an independent contribution to network formation.
The results suggest that the transport properties of hybrid nanocomposites cannot be described solely
through the individual concentrations of CNTs or ANFs. Instead, the interaction between the two filler
populations plays a crucial role and gives rise to an additional connectivity mechanism that becomes
increasingly important as the density of hybrid contacts increases.

The observed dependence is consistent with the concept of double percolation, in which the trans-
port pathways are formed not only through CNT–CNT and ANF–ANF interactions but also through
CNT–ANF bridge contacts. Consequently, the concentration product φCNTφANF may be regarded as a
structural descriptor of hybrid network development. The existence of a well-defined scaling relationship
between the transport property and this parameter indicates that the formation of the hybrid percolation
network follows predictable connectivity laws and can therefore be described within a unified theoretical
framework.
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Figure 5. Scaling dependence of the effective transport property on the concentration product φCNTφANF predicted by the pro-
posed double-percolation model.

Overall, the results demonstrate that the concentration product of the two nanofillers is a key param-
eter controlling the evolution of the hybrid transport network. The identified scaling behavior provides
additional support for the proposed framework for double-percolation network formation and highlights
the fundamental role of hybrid CNT–ANF interactions in determining the macroscopic properties of
multifunctional polymer nanocomposites.

3.5. Limitations of the model
The proposed model is based on a mean-field description of network connectivity and considers the
nanofillers as randomly distributed rod-like objects in a three-dimensional isotropic system. In this
framework, the formation of the hybrid transport network is described through averaged geometric
interactions and excluded-volume concepts. Therefore, the model does not explicitly account for local
heterogeneities of filler distribution, agglomeration effects, anisotropic orientation of nanostructures, or
the influence of processing conditions on the spatial organization of the network. In addition, the inter-
facial thermal resistance and detailed molecular interactions between the fillers and the polymer matrix
are not considered explicitly and are incorporated only implicitly through effective connectivity param-
eters. Consequently, the predicted percolation boundary should be regarded as a theoretical approxima-
tion whose quantitative validity requires experimental verification for specific CNT/ANF systems. A rig-
orous derivation of Γ from particle-scale geometry is beyond the scope of the present mean-field model
and remains a subject for future multiscale investigations. Establishing quantitative relationships between
Γ and measurable morphological characteristics requires dedicated experimental studies or particle-scale
simulations and is beyond the scope of the present work.

It should also be noted that the present approach is primarily intended for qualitative and semi-
quantitative analysis of double percolation phenomena in hybrid polymer nanocomposites. The derived
analytical expressions describe the general scaling behavior and synergistic effects associated with the
formation of interconnected CNT–ANF networks; however, accurate prediction of the absolute val-
ues of transport properties may require additional numerical simulations or experimental calibration
for specific material systems. In real CNT or ANF-containing systems, partial nanotube or nanofiber
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aggregation and bundle formation may reduce the effective aspect ratio and modify network connec-
tivity. Consequently, the present model is expected to provide the most accurate predictions for well-
dispersed nanocomposites or systems in which aggregation remains limited. Accordingly, the proposed
model should be regarded as a connectivity-based theoretical framework rather than a comprehensive
description of all heat-transfer mechanisms operating in polymer nanocomposites.

To the best of our knowledge, no comprehensive experimental thermal-conductivity datasets for
CNT/ANF hybrid polymer nanocomposites are currently available in the open literature for direct quan-
titative validation of the proposed framework. Therefore, the present work is intended as a theoretical
framework that may guide future experimental investigations of hybrid CNT/ANF nanocomposites.

Despite these limitations, the proposed model provides a physically consistent framework for describ-
ing hybrid percolation processes in multicomponent nanostructured polymer systems.

4. Conclusions

The proposed theoretical model demonstrates that the formation of transport networks in hybrid poly-
mer nanocomposites cannot be adequately described solely in terms of the individual percolation thresh-
olds of the constituent fillers. The connectivity of the system is governed by the combined effect of filler
concentrations and hybrid interactions between CNTs and ANFs.

The developed analytical framework predicts that CNT–ANF contacts contribute to the formation of
an interconnected transport network alongside CNT–CNT and ANF–ANF interactions. As a result, the
effective onset of network formation may occur at lower CNT concentrations in the presence of ANFs,
which is consistent with the concept of double percolation.

The obtained concentration maps and scaling dependences reveal that the transport behavior of
the hybrid system is controlled not only by the individual filler contents but also by the concentration
product of the two nanofillers. This observation indicates that hybrid contacts represent an independent
mechanism governing network development and transport efficiency.

The proposed model also demonstrates the important role of the effective hybrid interaction coeffi-
cient, which determines the contribution of CNT–ANF interactions to the overall network connectivity.
The analysis suggests that optimization of hybrid contacts may be as important as increasing filler con-
centration for achieving enhanced transport properties. From a practical perspective, the model provides
a theoretical tool for identifying concentration regions favorable for hybrid network formation prior to
experimental optimization.

Overall, the developed approach provides a theoretical framework for describing double-percolation
phenomena and for predicting the influence of filler composition and hybrid interactions on the trans-
port behavior of multifunctional polymer nanocomposites. Beyond predicting transport behavior, the
model provides physical insight into the cooperative role of hybrid filler interactions during network
formation.
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